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Motivation

Theorem (Kunen, Rowbottom, Solovay, etc). MAy, implies K>: Every ccc forcing
has property K.

Question (TodorceviC). Does Ko imply MAy, 7

Theorem (Todorcevic). PID 4+p > Ry implies no S-spaces.
Question (Todorcevi€). Under PID, does no S-spaces imply p > N1 7

Definition (Todorcevic). PFA(S) is an axiom that there exists a coherent Suslin
tree S such that the forcing axiom holds for every proper forcing which preserves
S to be Suslin.

Theorem (Farah).t = Xy holds in the extension with a Suslin tree.

Proof. Suppose that T is a Suslin tree, and take = : T — [w]NO such that

s<pt—m(s) D" n(t) and s Lyt — w(s) N«(t) finite.

Then for a generic branch G through T, the set {n(s) : s € G} is a C*-decreasing
sequence which doesn’t have a lower bound in [w]Xo. L]
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PFA(S) was introduced to combine many of the consequences of the two contra-
dictory set theoretic axioms, the weak diamond principle, and PFA.

Theorem (Consequences from the weak ). A Suslin tree forces the following.
(Farah) t = N;.
(Farah) It doesn’t hold that all X1-dense subsets of the reals are isomorphic.
(Larson—TodorceviC) Every ladder system has an ununiformized coloring.
(Larson—TodorceviC) There are no Q-sets.
(Moore—Hrusak—Dzamonja) ¢(R,R,#) holds.

Theorem (Consequences from PFA). Under PFA(S), S forces the following.
(Todorcevic) 280 = R, = h = add(N).
(Farah) The open graph dichotomy.
(Todorcevi€¢) The P-ideal dichotomy.

(TodorcCeviC) There are no compact S-spaces.



Theorem. Under PFA(S), S forces the following.

31. Every forcing with rectangle refining property has precaliber N1.

32. There are no wy-Aronszajn trees.

33. All Aronszajn trees are club-isomorphic.

34. The weak club guessing and U fail.



Motivation

Theorem (Kunen, Rowbottom, Solovay, etc). MAy, implies K>: Every ccc forcing
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Recall. — An S-space is a hereditarily separable (HS) regular space which is not
hereditarily Lindelof, i.e. which has non-Lindelof subspace.

— Every S-space has a right-separated subspace of order type w1.

— A right-separated regular space of order type wq is an S-space iff it has no
uncountable discrete subspace.

— Therefore, there are no S-spaces iff every right-separated regular space has an
uncountable discrete subspace.

Theorem (Szentmikldssy). MAN1 implies no compact S-spaces.

Theorem (TodorcCevi¢). Under PFA(S), S forces no compact S-spaces.



Recall. A coherent Suslin tree S consists of functions in w<¥1 and closed under
finite modifications. That is,

— for any sand t in §, s <gt iff s Ct,

— S is closed under taking initial segments,

— for any s and t in S, {a € min{lv(s),Iv(t)}; s(a) # t(a)} is finite, and

— for any s € S and t € wMS) | if {a € Iv(s);s(a) # t(a)} is finite, then t € S.

For s and t € S with the same level, define

Yt {u€eS;s<gu} — {uesS;t<gu}
w W .
u — tU (ulllv(s),Iv(u)))

Note that v+ is an isomorphism, and if s, ¢, v are nodes in S with the same level,
then s+, Y1, and s, cCOmmute.



Theorem (TodorcCevi€). Under PFA(S), S forces no compact S-spaces.

In fact, he proved that under PFA(S), for any S-name for a non-Lindelof space
which is a subspace of some compact countably tight space, there exists a forcing

notion which is proper and preserves S and adds an S-name for an uncountable
discrete subspace.

Main Claim. Let 7 be an S-name for a right-separated HS regular topology of
order type w1, and suppose that + has the following property:

x For any point § € wy, S-name U for an open nbhd of §, o € wi, t € Sa
and F € [S,]<No, there exists an S-name U’ for an open nbhd of § such that
tl-g “U' CU"” and for every s € F,

slkg “ab.s(U") is open in 7.

Then there exists a forcing notion which is proper and preserves S and adds an
S-name for an uncountable discrete subspace.



Main Claim. Let 7 be an S-name for a right-separated HS regular topology of
order type wq, and suppose that t has the following property:

x For any point § € wy, S-name U for an open nbhd of §, a € wy, t € Squ
and F € [Sa]<No, there exists an S-name U’ for an open nbhd of § such that
tl-g “U' CU"” and for every s € F,

slkg “ 4y s(U') is open in 7",
Then there exists a forcing notion which is proper and preserves S and adds an

S-name for an uncountable discrete subspace.

In this property, for each s € F', s = 4(t), and so it is true that

slkg Py s(U') is open in iy o(7)",
but it may happen that

slfs " Yy s(U') is open in 7.

However, for example, if 7 is an S-name for a topology generated by an open basis
in the ground model, then x is satisfied.



Main Claim. Let 7 be an S-name for a right-separated HS regular topology of
order type wq, and suppose that t has the following property:

x For any point § € wy, S-name U for an open nbhd of §, a € wy, t € Squ

and F € [Sa]<No, there exists an S-name U’ for an open nbhd of § such that
tl-g “U' CU"” and for every s € F,

slkg “ 4y s(U') is open in 7",

Then there exists a forcing notion which is proper and preserves S and adds an
S-name for an uncountable discrete subspace.

Corollary. Under PFA(S), S forces that every right-separated regular topology of

order type w1 whose topology generated by a basis in the ground model is not
HS.

Theorem (Rudin). If there exists a Suslin tree, so is an S-space.



Theorem (Todorcevic). PFA implies no S-spaces.

Proof. Suppose that (wi,7) is a right-separated HS regular space of order type

w1 -

Then for each point a € wq, there exists an open nbhd U, of a such that

We define a forcing notion P which consists of finite functions p such that

— dom(p) is a finite e-chain of countable elementary submodels of H(X5) with
7 and (Uy;, a € wy), and ran(p) C w1 U{w1}, and

— for each M, M’ € dom(p), if M € M’ and p(M) # w1, then p(M) € M'\ M and
p(M) gUp(M/)r

ordered by extensions.

We show that it is proper, which finishes the proof.



Remember (w1, 7) is a right-separated HS regular space. o € U, and cl-(Uy) N[ae+ 1,w1) = 0.

— dom(p) is a finite €-chain of countable elementary submodels of H(R,) with 7 and (Uy; o € w1)
and ran(p) C w1, and

— for each M, M’ € dom(p), if M € M’ and p(M) # w1, then p(M) € M'\ M and p(M) & Uyry-

Let N < H(0) be ctbl with 7, (Ug; @ € w1) and H(XN5), and pg € PN N.

If there are no a € w1 \ N such that ran(pg) N Uy # 0, then for every g <p po,

ran(q) € N holds, hence pg U { <NﬁH(N2),w1>} is (N,P)-generic. This is not an
interesting case.

So suppose that there are o € wq \ N such that ran(pg) NUqy = 0.



Remember (w1, 7) is a right-separated HS regular space. o € U, and cl-(Uy) N[ae+ 1,w1) = 0.

— dom(p) is a finite €-chain of countable elementary submodels of H(Ry) with 7 and (Uy; a € w1),
and ran(p) C w1, and
— for each M, M' € dom(p), if M € M’ and p(M) # w1, then p(M) € M'\ M and p(M) & Uyry-

Let N < H(0) be ctbl with 7, (Ug; a € w1) and H(X»), and pg e PN N.
We show that p1 ;= poU{{(NNH(Ny),a)} € Pis (N, P)-generic.

Let D € N be dense open C P and r € D with » <pp;. Then

T := {(¢(M)) predom(g)\dom(rnN) i 4 € PN D is an end-ext. of rN N & |q| = |r| }

iIs in NV and contains (r(M)>M€dom(r\N). Moreover, by thinking T' as a tree which
consists of all initial segments of its members, we can take a subtree 7/ C T
in N such that for every non-terminal member o of T/, {8 € wy;0(B) € T'} is
uncountable, and (r(M)) yredom(r\n) € "

It is possible that there exists (3;;7 < |r\ N|) € TN N such that for any ¢ < |r \ N|
and M € dom(r\ N), 8; € U.(npy-

Let po € PN N be a witness of (3;;¢ < |[r\ N|) € T"N N and then rUps € P, <p po, .
[]



Remember (w1, 7) is a right-separated HS regular space. o € U, and cl-(Uy) N[ae+ 1,w1) = 0.

— dom(p) is a finite €-chain of countable elementary submodels of H(Ry) with 7 and (Uy; a € w1),
and ran(p) C w1, and
— for each M, M’ € dom(p), if M € M’ and p(M) # w1, then p(M) € M'\ M and p(M) & Uyry-

The following is the crucial point of the proof that “there exists (G;;¢ < |r\ N|) €
T'N N such that for any i < |r\ N| and M € dom(r\ N), 8; € U,ap)" -

Claim. For any unctbl X C wy in N and F € [wy \ N]<No, there exists 3 € X NN
such that for every v € I', B & Uy.

Proof. There exists countable Y C X in N such that cl-(Y) = cl-(X), and take
6 € cl-(Y) such that for every v € F', v < 4.

Then there exists an open nbhd V of § such that for every v € F, ClT(Uy) NV = 0.

Take B e YNV, then we are done. L]



Let S be a coherent Suslin tree and 7 an S-name for a regular topology on w;
such that IFg " (wy,7) is right-separated and HS"”

For a € wy, take an S-name Uy s.t. Fg“ a €Uy €7 and cl:(Ug)N[a+1,w1) =0".

P consists of finite functions p such that

— dom(p) is a finite e-chain of c.e.s. of H(X») with S, 7 and <Ua;oz € w1>,

— for any M € dom(p), p(M) = (th, ok ,) € (S\ M) x (w1 \ M),

— for any M € dom(p) and 8 € w1 N M, t?w decides whether 3 € Uap or not,
M

— for any M, M’ € dom(p), if M € M’, then ¢ of € M’, and

— for any M, M’ € dom(p), if th, <gt! ., then t" g of, U » ",
M/

ordered by extensions.



Let S be a coherent Suslin tree and 7 an S-name for a regular topology on w;
such that IFg " (wq,7) is right-separated and HS".

For a € wy, take an S-name Uy s.t. Fg“ a €Uy €7 and cl:(Ug)N[a+1,wy) =0".

P consists of finite functions p such that

— dom(p) is a finite €-chain of c.e.s. of H(X5) with S, + and <Ua;oz e w1>,

— for any M € dom(p), p(M) = (th,0h) € (S\ M) x (w1 \ M),

— for any M € dom(p) and 8 € wy N M, t, decides whether 8 € U_» or not,
M

— for any M, M’ € dom(p), if M € M’, then ¢ ol € M’, and

— for any M, M’ € dom(p), if th, <gth ., then ¢ IFg* ol & Uazjow”,

ordered by extensions.
If the following is true, then we can show that P is proper and preserves S.

e For any ctbl N < H(6) with S, 7, <Ua;oz c w1> and H(R»), r € P with rN N = 0,

u € S with Iv(t}“w) < Iv(u) VM € dom(r), and S-name X € N for an unctbl C wq,
there exists 8 € w; NN such that VM € dom(r), th, <gu — th,lFg"“ B & UO‘M”‘



If the following is true, then we can show that P is proper and preserves S.

e For any ctbl N < H(6) with S, 7, <Ua;a e w1> and H(R,), r € P with rn N = 0,

u € S with Iv(tf]’w) < Iv(u) VM € dom(r), and S-name X € N for an unctbl C wq,
there exists 8 € wy N N such that VM € dom(r), ¢, <gu — th,IFs"“ B8 ¢ Ua’jw”'

So, Main Claim follows from the next claim.

Claim. Suppose that

x For any point § € wy, S-name U for an open nbhd of §, o € wi, t € Sa
and F € [Sa]<No, there exists an S-name U’ for an open nbhd of § such that
tl-g “U' CU"” and for every s € F,

slkg “ 4y s(U') is open in 7",

T hen the above statement e holds.



e For any ctbl N < H(0) with S, 7, (Ua;a € w1) and H(Rp), r € P with rn N =,

u € S with Iv(t}“w) < Iv(u) VM € dom(r), and S-name X € N for an unctbl C wq,
there exists 8 € wy N N such that VM € dom(r), th, <gu — th, IFg“ B ¢ UO/M”.

Claim. Suppose that x For any point § € w1, S-name U for an open nbhd of §,
a€Ewy, t€Sqy and F € [Sa]<NO, there exists an S-name U’ for an open nbhd of
such that tlrg “U' CU " and for every s € F, sltg “ s(U’) is open in 7.

Then the above statement e holds.

Proof. There are s € SN N and ctbl Y € N such that s <g u[(w1 N N),
slFg“ Y CX and cl-(Y) =cl-(X)".

Let {M c dom(r),; th; <s u} = {MC;C < k} and take we € S, ( <k, and ¢ € w; such
that tf,“wc <g w¢, all we is of same level, § > oy, VM € dom(r), and

_ wolFg“ decl(Y)".
By induction on ¢ < k, take an S-name V, such that

— w<||—5 a 5€VCE+ and C|7;(UQ7M)QV<:®”,
¢ .
— for every (' € k, wer IFg wwg,wc,(vc) is open in 7", and

- wC+1 ”_S ! Vc_|_1 g wwOwC-l-l(VC) "



e For any ctbl N < H(0) with S, 7, (Ua;a € w1) and H(Rp), r € P with rn N =,

u € S with Iv(t}“w) < Iv(u) VM € dom(r), and S-name X € N for an unctbl C wq,
there exists 8 € wy NN such that VM € dom(r), ¢, <gu — th,IFs"“ B8 ¢ Ua?jwn'

Claim. Suppose that x .....
T hen the above statement e holds.

Proof. There are s € SN N and ctbl Y € N such that s <g u[(w1 N N),
slFg" Y C X and cl;(Y) =cl:(X)".

Let {M € dom(r);t}, <su} = {M;¢{ < k} and take wc € S, ( <k, and § € w; such that thy, <s we,
all w¢ is of same level, 6 > oy, VM € dom(r), and wg IFg " § € cl:(Y)".

By induction on ¢ < k, take an S-name VC such that
—welkg“ d €V, €7 and clf(UdMC) NVe=0",
— for every ¢’ € k, wer Ibg ™ Yuwew. (V) is open in 77, and
— w<_|_1 ”_S ! VC+1 g wa’wC‘Fl(VC) "

Take Be€Y and z >gwg s.t. zlhg " B € Yu,_1,wo(Vi—1)". Then for every ¢ € k,

@Dwo,wC(ZE) ”_S Iy ﬁ - wwk_17w<(Vk_1) g VC, heﬂce ﬁ g UO”Z"WC 1 .



Remember

Let S be a coherent Suslin tree and 7 an S-name for a regular topology on wq
such that IFg " (wy,7) is right-separated and HS".

For each o € wy, take an S-name Uy s.t. kg a € Uy € 7cl-(Ua) Na+1,w1) =0".

P consists of finite functions p such that

— dom(p) is a finite e-chain of c.e.s. of H(N») with S, 7 and <Ua;a € w1>,

— for any M € dom(p), p(M) = (5, o) € (S\ M) x (w1 \ M),

— for any M € dom(p) and 8 € w1 N M, tffw decides whether 3 € Uap or not,
M

— for any M, M’ € dom(p), if M € M’, then ¢ ol € M’, and
— for any M, M’ € dom(p), if th, <g tzj’w, then tfjw, Fg ol & Uayjow”,

ordered by extensions.



e For any ctbl N < H(0) with S, 7, (Ua;a € w1) and H(Rp), r € P with rn N =,
u € S with Iv(t}“w) < Iv(u) VM € dom(r), and S-name X € N for an unctbl C wq,
there exists 8 € wy NN such that VM € dom(r), ¢, <gu — th,IFs"“ B8 ¢ Ua?jwn'
Claim. Suppose that x .....

Then the above statement e holds.

Proof. There are s € SN N and ctbl Y € N such that s <g u[(w1 N N),
slFg" Y C X and cl;(Y) =cl:(X)".

Let {M € dom(r);t}, <su} = {M;¢{ < k} and take wc € S, ( <k, and § € w; such that thy, <s we,
all w¢ is of same level, 6 > oy, VM € dom(r), and wg IFg " § € cl:(Y)".

By induction on ¢ < k, take an S-name VC such that
—welkg“ d €V, €7 and clf(UdMC) NVe=0",
— for every ¢’ € k, wer kg * @bwc,wg,(\'/c) is open in 7", and
— wepq s " Vegn € uwenss (V)"
Take Be€Y and z >gwg s.t. zlhg " B € Yu,_1,wo(Vi—1)". Then for every ¢ € k,

@Dwo,wc(a}) Fg " B € @Dwk_l,wg(vk_l) C Vc, hence (¢ & UO‘?M ",
Therefore, ¢



e For any ctbl N < H(0) with S, 7, (Ua;a € w1) and H(Rp), r € P with rn N =,

u € S with Iv(t}“w) < Iv(u) VM € dom(r), and S-name X € N for an unctbl C wq,
there exists 8 € wy NN such that VM € dom(r), ¢, <gu — th,IFs"“ B8 ¢ Ua?jwn'

Claim. Suppose that x .....
T hen the above statement e holds.

Proof. There are s € SN N and ctbl Y € N such that s <g u[(w1 N N),
slFg" Y C X and cl;(Y) =cl:(X)".

Let {M € dom(r);t}, <su} = {M;¢{ < k} and take wc € S, ( <k, and § € w; such that thy, <s we,
all w¢ is of same level, 6 > oy, VM € dom(r), and wg IFg " § € cl:(Y)".

By induction on ¢ < k, take an S-name VC such that
—welkg“ d €V, €7 and clf(UdMC) NVe=0",
— for every ¢’ € k, wer Ibg ™ Yuwew. (V) is open in 77, and
— w<_|_1 ”_S ! VC+1 g wa’wC‘Fl(VC) "

Take Be€Y and z >gwg s.t. zlhg " B € Yu,_1,wo(Vi—1)". Then for every ¢ € k,

T Iy ’ )
iy lbs " 0 & U, " N



